On k-repetition freeness of length uniform morphisms over a binary alphabet  by Keränen, Veikko
Discrete Applied \lathematics 9 (198-t) 297-300 
North-Holland 
297 
NOTE 
ON k-REPETITION FREENESS OF LENGTH UNIFORM 
MORPHISMS OVER A BINARY ALPHABET 
Veikko KERANEN 
Department of Marhemarics. Universitv of Ottltr. Linnanmaa, SF-90570 Otrltt 57. Finland 
Received 9 February 1984 
A word is called k-repetition free, if it contains no subword of the form fk, where k is a 
natural number and P#l. Let h be a length uniform morphism over the alphabet (u,b} (meaning 
that Ih( = Ih(b and let h(a) #h(b). In this case we can give an optimal upper bound for the 
length of P”, nzk, where P” is a subword of h(rv) such that w is k-repetition free. Also, we give 
outlines for the proof of the following result. When deciding whether a given morphism h, of 
the form mentioned above. is k-repetition free, one has only to examine the words h(wo), where 
the length of we is 14 (or, in some special cases. even less). With this result it is straightforward 
to prove that if h generates a cube P3 in a DOL sequence, then it does this in three steps. 
1. Introduction 
Our study originates from L. Wegner’s problem, solved by many writers in 
[ 11. In our article there (pp. 24-31) we were considering the word sequence 
s=s,,s,,s,, ... , defined recursively as follows: 
t 
St =11 
s;+, =sis;s; (i2 l), (1) 
where u #A is a word over a finite alphabet Y (in Wegner’s sequence u = ab) and 
s,a is the reversal (mirror image) of s;. In the sequel, let u and u be different 
nonempty words of equal length and consider the NDOL system 
G = (X Y, g, A, a), (2) 
where X= {a,b), the endomorphism g:X* -X * is defined by g(a) = aab, g(b) = abb, 
and the length uniform morphism h:X* + Y * is defined by h(a) = u, h(b) = u. We 
showed in [l] that S=E(G), if u = uR, and conjectured that if P3 is a subword of 
a word in the sequence S, then the length of P is <+lul. We can now show, by 
Theorem 3 below, that this (optimal result) is true for S and also for any NDOL 
sequence E(G) generated by G in (2). This in turn implies that all cubes P3 in the 
sequence E(G) can be found in the fourth word. Also, by the fact that s=,!?(G), 
the cube-freeness of Wegner’s sequence (u = uR = ab) follows trivially by the result 
presented in Theorem 5 and in the discussion after. Moreover, in this article we 
consider, not only cubes, but also general k-repetition of words. 
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2. Preliminaries 
For the very basic notations and definitions (concerning, for example, L systems) 
the reader is referred to [3], or to [Z] and [4], which also contain results concerning 
repetitions. 
A word u is called a subword (an inner subword) of w, if w = ~(l~(~~1 for some 
words (nonempty words) 11, and IQ. The notation SW(w) [ISW(rc9)] denotes the set 
of all subwords [inner subwords] of w. Moreover, we write XSW(IV,, . . . . w,,) = 
XSW(w,)U ... UXSW(w,) for words Wi and X=,l or I. A word w is primitive, if 
w = w$ implies n = 1 (w is only a trivial power of another word \vO). 
We say that a (word) sequence or a language is k-repetition free, if all words in 
it are k-repetition free, otherwise we say that there is a /c-repetition in it. A 
morphism h:X*-+ Y* is k-repetition free, if h(w) is k-repetition free for every k- 
repetition free w in X*. 
Finally, throughout the text, Y is a finite alphabet, u, u are different nonempty 
words of equal length and h : {a, b} *-, Y * is a length uniform morphism such that 
h(a)=u and h(b)=v. 
3. Results 
The proofs of our main results are quite long containing many lemmas, from 
which we present the most interesting and fundamental ones. 
Lemma 1. Let u, v and w be nonempty words of equal length such that u f v. Then 
uv B ISW(u’v, ou’, w3) and w2 $ SW(uou). Furthermore, if UIJ E ISW(uou, UN), then 
uv = WI, for some word w, and rz 3. 
By Lemma 1 it is easy to prove 
Lemma 2. Let u and v be different nonempty words of equal length and A = 
(u2v,ou2,~2u,uv2}. Then AflISW(a~y~)=O’for all a, /I, y and 6 in {u,v}. 
Lemma 2 tells us that if a word w is in {u, v) * and w = w1 w11v3, with w2 in A, 
then also wI and w3 are in {u, o} *. This implies the following fact. If a word w in 
X * = {a, b} * is k-repetition free, then h(w) contains only short subwords of the form 
Pk such that Pb [h(X)] *. (Note that Pk = Pk- 'P= PPk- ’ and every long Pk- ’ 
would contain, as a subword, a word in A.) On the other hand, if here PE [h(X)] *, 
then P=A. Along these lines we have obtained the following optimal result. 
Theorem 3. If a word win {a, b} * is k-repetition free (kz 3) and h(w) has a subword 
of the form P”, where nZ: k, then lP”I < (2k- 1)/u/. Zf, in addition, neither 
a(ba)k-’ nor b(ab)k-’ is a subword of w, rhen jP”ls2(k- 1)/u/. 
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As an example of the optimality of the upper bound for lP”j, consider the case 
n = k = 3, u = h(a) = cdc and u = h(b) = dcd. Choosing P3 = h(abab) = (cdcd)3, we get 
lP3j =2(k- l)lul=4;u~. 
Theorem 3 gives as a corollary a test set for checking whether a given length 
uniform morphism h : {a, b} *-+ Y * is k-repetition free. However, Theorem 3 is more 
interesting from the point of general k-repetition freeness of DOL and NDOL 
sequences. This is the case, because in Theorem 5 we obtain, quite independently 
of the proof of Theorem 3, a very efficient test set (optimal in general) for testing 
the k-repetition freeness of h. 
Lemma 4. Let the words u, U, uv and vu be primitive and, if k = 3. the words u and 
v cube-free. Let a word w in {a, 6) * be k-repetirion free (k I 3) and P” a subword 
of h(w), say h(w)=w,Pkwz. Then w,Pkw2+w,aPyw2 whenever w,a, yw? are in 
{u, v} * and /? is in { uu, vu, uvu, WV}. Consequently, Pk is a subword of h(w,), 
where wO is a subword of w and 1 wol 5 4. 
Using Lemma 4 one can easily prove 
Theorem 5. A length uniform morphism h : {a, b} *--* Y * is k-repetition free (kr 3) 
if and only if 
(i) the words u, v, uv and vu are primitive; 
(ii) the word h(w,) is k-repetition free for every w. in {a, b} + of length I 3 
(differing from a3 and b3 if k = 3); 
(iii) the word h(wo) is k-repetition free for every w. in {xxy,~, xxyy, xyxx, 
xyxylx, y in {a, b} and xfy}. 
By Theorem 5 it is easy to decide, for any k, whether a given morphism h, of the 
considered form, is k-repetition free. Because the words w. (in the test set) are 
always of length ~4, the amount of work, needed to solve the problem, does not 
grow as k gets greater, quite on the contrary. For example, if Iuj = Iv/ 12 and the 
words u, v, uv and uu are primitive, then h is always (2ju- l)-repetition free. 
Concerning short words u and v, one can give even better upper bounds for the 
length of w,. For example, in the case of endomorphism (Y= {a, b}) we have 
obtained the following optimal result using UNIVAC 1100122 computer and, in 
spite of an efficient program, hours of CPU time. If k = 3 and Iul< 14, then part 
(iii) in Theorem 5 is not needed (meaning that Iwo/ I 3 is enough to test a given 
endomorphism h). Furthermore, if k= 3 (k = 4, k = 5) and Iuj ~6 (~4, I 6), then, 
to decide whether a given endomorphism h is k-repetition free, one has only to check 
the primitiveness of u, u, uv, uu and the k-repetition freeness of uu, vu, UD and vu. 
Finally, we discuss shortly the decidability of cube-freeness of DOL sequences, 
generated by a length uniform endomorphism h over {a, 6). Actually, the case k = 3 
is here exceptional: if h does not fulfil the primitiveness condition (i) in Theorem 
5, then (see [2, p. 2821) h never generates a cube-free DOL sequence. However, 
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4-repetition free DOL sequences can be generated by morphisms that do not fulfil 
part (i) in Theorem 5. For example, if 
h(a) = ab, h(b) = au, (3) 
then G = ({a, b),h,a) generates a 4-repetition free DOL sequence, as is straight- 
forward to see using Theorem 3. Observe that h above is not k-repetition free for 
any k. Returning to the cube-freeness problem for DOL sequences, one finds it 
easily solvable by Lemma 4 (since all words me, with 1 wOi ~4, that are subwords of 
a given DOL sequence, can be found in the very beginning of this sequence). 
Moreover, we know that if 21 lh(a)l = Ih(b)j 5 14, then the DOL sequence generated 
by G=({a,b},h, ) o is cube-free if and only if h and o are cube-free. It is possible 
that instead of 14 we may have even 32 (but not more!). In the case k24 the situa- 
tion is very different as indicated by h in (3). 
In [2] it is shown that, in general, a binary morphism generates a cube in a DOL 
sequence if and only if it does it in less than 11 steps. Using results in [2] we can 
in our case prove the following Theorem 6. This result is optimal as seen by con- 
sidering (once again) the morphism h in (3). 
Theorem 6. Let h be a length uniform endomorphism over the alphabet {a, b). 
Then a DOL sequence E(G) generated by G = ({a, b}, h, w) is cube-free if and only 
if the set { h”(o)ln 5 3) is cube-free. 
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